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Abstract. Let / be a rational function of degree d > 1 on the projec- 
tive line over a possibly non-archimedean algebraically closed field. A 
well-known process initiated by Brolin considers the pullbacks of points 
under iterates of /, and produces an important equilibrium measure. 
We define the asymptotic Fekete property of pullbacks of points, which 
means that they mirror the equilibrium measure appropriately. As ap- 
plication, we obtain an error estimate of equidistribution of pullbacks 
of points for C 1 -test functions in terms of the proximity of wandering 
critical orbits to the initial points, and show that the order is 0(Vkd~ k ) 
upto a specific exceptional set of capacity of initial points, which is 
contained in the set of superattracting periodic points and the omega- 
limit set of wandering critical points from the Julia set or the presingular 
domains of /. As an application in arithmetic dynamics, together with 
a dynamical Diophantine approximation, these estimates recover Favre 
and Rivera- Letelier's quantitative equidistribution in a purely local man- 
ner. 

1. Introduction 

Let K or (K, | • |) be an algebraically closed field complete with respect 
to a non-trivial absolute value (or valuation) | • |. The field K is said to be 
non-archimedean if it satisfies the strong triangle inequality 

\z — w\ < max{\z\, \w\} 

(e.g. p-adic C p ), otherwise K is archimedean and indeed K = C. When K 
is non-archimedean, the projective line P 1 = P 1 (i^) = K U {oo} is totally 
disconnected and non-compact. A subset in K is called a ball if it is written 
as {z £ K; \ z — a\ < r} for some center a G K and radius r > 0. The 
alternative that two balls in K either nest or are mutually disjoint induces a 
partial order over all balls in K, which is nicely visualized by the Berkovich 
projective line P 1 = P 1 (X). This regards each element of P 1 \ {oo} as an 
equivalence class of nesting balls in K, and produces a compact augmenta- 
tion of P 1 containing P 1 as a dense subset. A typical point of the hyperbolic 
space 

H 1 = H\K) := P 1 \P : 
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is a ball of radius > in K, while each point of K = P 1 \ {00} is a ball 
of radius 0. On the other hand, when K is archimedean, P 1 and P 1 are 
identical and H 1 = 0. 

Let / be a rational function on P 1 of degree d > 1. The action of / on 
P 1 canonically extends to a continuous, open, surjective and fiber-discrete 
endomorphism on P , preserving both P 1 and H 1 . To each a G P 1 , the local 
degree deg a / of / at a also canonically extends. The exceptional set of the 
extended / subset of P 1 , still defined by 

E(f) :={aGP 1 ;#Ur fc («)<oo}. 

fcGN 

In 1965, Brolin [6] introduced the equilibrium measure fj,f in the situation 
that / is a complex polynomial, which has proved the basis of many later 
extensions and applications. The following equidistribution theorem was 
established in [6], |17j . |21| for archimedean K, and in |14] generalized to 
non-archimedean K: for each a G P 1 , let (a) be the Dirac measure at a on 
P 1 . If a G P 1 \ E(f), then the averaged pullbacks 

tends to [if weakly on P 1 . 

Definition 1.1. The Berkovich Fatou and Julia sets of / in P 1 are F(/) and 
J(/), respectively (cf. [21 §2.3]). Let T(f) and J(f) be the classical Fatou 
and Julia sets of / in P , which agrees with the intersection of F(/) and J(/) 
with P , respectively. Let SAT(f) and AT{f) be the sets of superattracting 
and (possibly super) attracting periodic points of / in P 1 , respectively. 

In |9j, for archimedean K, the error term of equidistribution 

'(/T(a) 



(1.1) 



was estimated using a Nevanlinna theoretical covering theory argument: 

Theorem 1.1 (cf. Theorem 2 and (4.2)]). Let f be a rational function 
on P 1 = P X (C) 0/ degree d > 1. T/ien /or every C 2 -test function <p on P 1 , 

(1.2) 

'0(cT fc ) (a GP X \ [///(/)), 

7pi V d k ) |0(r/ fc d- fc ) (aGP 1 \5^T(/)), 

O((deg ao f k )d- k ) (a G c/ ao ,a G SAT(f)) 

as k —> 00 . .ffere t/ie t/iird estimate applies to any fixed r] > 1 , £/ie fourth one 
applies to some neighborhood U ao of any ao G SAT(f), and the constants 
implicit in each O(-) are locally uniform on a, and independent of 77 in the 
third estimate. The unhyperbolic locus UH(f) is defined in Definition 11.41 
below. We note that UH{f)C\F{f) = AT(f). 

More interestingly, in arithmetic dynamics, Favre and Rivera-Letelier [13] 
Corollaire 1.6] estimated the order of (jl.ip by 0(V kd~ k ) for each C 1 -test 
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function 4> on P 1 an d every algebraic a G P 1 \ SAT(f) (see (|1.17p below). 
One of our aims is to establish such a quantitative equidistribution for general 
valued fields K. For this purpose, we study quantitatively the f -asymptotic 
Fekete property of ((f k )*(a)) on P 1 in terms of the proximity of wandering 
critical orbits of / to the initial point a. 

Definition 1.2. Let [•, •] be the normalized chordal metric on P . A chordal 
open ball in P 1 of center w G P 1 and radius r > is S[tu,r] := {z G 
P 1 ; [z, to] < r}. For any subset ScP 1 and zCP 1 , put [z, S] := inf^gsfz, to]. 
Under the action / on P , a point zo G P 1 is said to be wandering if 
#{f k (zo); k G NU {0}} = oo. We say zo to be preperiodic if zo is not 
wandering. For each zq G P 1 , the omega limit set of (/ fc (zo)), or of zq, in P 1 
is 

u;(z ) := p| {/ fc (z );£;>iV}, 

iVeN 

where the closure is taken in P 1 under [•, •] (then lim.k-^oo[f k (zq) , oj(zq)] = 0). 
We say z G P 1 to be pre-recurrent if {f k (z ); k G N U {0}} n oj(z ) / 0, and 
especially to be recurrent if zo G w(zo). Put 

C(/) : ={ CG P 1 ;/'( C ) = 0}, 
C(/)wan := {c G C(f);c is wandering under /}, 
CO(/) wan := {f k (c); c G C(/) wan , k G N}, 
PC(/) :={/ fe (c);cGC(/),A:GN}, 
where in the final definition, the closure is taken in P 1 under [-,-]. 

If / has characteristic 0, then the Riemann-Hurwitz formula asserts that 
there are exactly (2d — 2) critical points of / in P 1 taking into account the 
multiplicity (deg c / — 1) of each c G C(f). 

Remark 1.1 . In Section [21 we gather a background on the potential theory 
and dynamics on P 1 . For non-archimedean K, the chordal metric [-,-] ex- 
tends to d and to <5 can on P 1 respectively as the small model metric and the 
generalized Hsia kernel with respect to the canonical point 5 can G P 1 , and 
the big model metric p is also introduced on H 1 . The equipped (Gel'fand) 
topology of P 1 (resp. H 1 ) is strictly weaker than that from d (resp. p). 

The /-kernel 

* f (S,S') = log5 can (5,5') - g f (S) - g f (S') 

on P 1 is introduced in (|2,9p in Section [2j where gt is the dynamical Green 
function of / on P 1 . We note that — agrees with the Arakelov Green 
(kernel) function of / in [3l §10.2], and that 

{{S,S') G P 1 x P 1 ; $/(£,£') = -oo} =diag P i := {(z,z) G P 1 x P 1 ;^ G P 1 }. 
A dynamical Favre and Rivera-Letelier bilinear form is 

(1.3) (p,/jf) f :=- $ f (z,w)d(px n')(z,w) 

JPixP^diagpi 
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for Radon measures fj,, fj,' on P 1 (if exists). For each a G P 1 and each k G N, 
the following quantities 

(1.4) £f(k,a):=~((f k na),(f k r(a)) f , 

Va,k = r} a ,k{f) ■= max deg„,(/ fc ), 

D a , k =D a , k (f) := ((/ fc )*(a) x (/ fc )*(a))(diag pl ) 

= / degJ/ fe )d((/ fc )*(a))H = Yl (deg w (f k )) 2 £[d k ,d k Va , k ] 
J p 1 — 

w(zf~ (a) 

are fundamental. 

Fact 1.1. If K has characteristic 0, then E(f) and SAT(f) are respectively 
characterized as follows (cf. |10[ Lemma 1]): 

(1.5) hmsup^/ ) yJ1 \ 



< d M ~ 2 (a G P 1 \ &4T(/)) 
^ I = oo (a G SAT(/)) 



sup rjaj 



One of our principal results is the following estimates of £f(k, a) in terms 
of the proximity of wandering critical orbits CO(/) wan to the initial a G P 1 : 

Theorem 1. Let f be a rational function on P 1 = P 1 (il") of degree d > 1. 
Then for every a G H 1 and every k G N ; 

n a\ ir (i \ I ^ $ /( a ' Q ) 

(i-6) < — , 

and a i— )• <£/(a, a) is locally bounded on H 1 under p. If in addition K has 
characteristic 0, t/ien t/iere is Cf > such that for every a G P 1 and every 

1 1 \ C v— -\ C 

dJ l ° g [p(c),a] ~ IF E^'--rfT 

<*/(*,«) <-^£( £ ^ log i77(^) + ^E^+^- 

i=l \c£C(/)\/-i(a) U W ' V J=l 

i/ere the extra constant Cf >a > is independent of k, and even vanishes 
if a G P 1 \ CO(/) wan . The sums over C(f) \ / _jf (a) take into account the 
multiplicity (deg c / — 1) of each c. 

The constants Cf and Cf >a are concretely given in Section [3] below. 

Remark 1.2. The upper estimate of £t(k,a) in (jl.7p improves [1] Theorem 
1.1] and |131 Propositions 2.8, 4.9] by the first proximity term of wandering 
critical orbits to the initial a G P . 
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In Section [21 we introduce the notion of /-asymptotic Fekete configuration 
on P 1 to sequences of positive measures whose supports consist of finitely 
many points in P 1 . Here we mention that 

-^Fekete (/) -={a G P 1 ; ((f k )*(a)) is not /-asymptotically Fekete on P 1 } 

=E(f) U {a G P 1 \ E(f); lim S f (k, a) + 0} 

k — ^oo 

(see Remark 12.11 below) . We call Ep e y iete (f) the non-Fekete locus of /. 

Fact 1.2. Suppose that K has characteristic 0. By the classification of 
cyclic Fatou components (essentially due to Fatou, cf. [Ml Theorem 5.2]) 
and its non-archimedean counterpart due to Rivera-Letelier ( |27| Theoreme 
de Classification]), each Berkovich Fatou component U of / is either 

• a wandering domain, that is, for any distinct m, n G NU{0}, f m (U)n 
f n (U) = 0, or 

• a component of (super) attracting or parabolic basin, or 

• the other, which we call a presingular domain of /. 

By definition, for every presingular domain U, there are m G N U {0} and 
p G N such that f p (f m (U)) = f m (U), and by [14, Proposition 2.16], the 
restriction of f p to f m (U) is injective. Historically, a cyclic (Berkovich) 
Fatou component of period p on which f p is injective was called a singular 
domain (un domaine singulier) of / (cf. [Ill §28]). For archimedean K, each 
singular domain is either a Siegel disk or an Herman ring. 

Definition 1.3. Let PS(/) be the the union of all presingular domains of 
/• 

For K having characteristic 0, put Co := — vahi ce c(f)nJ r (f) log[c, J(f)\ + 
2suppi \gf \ > and 

(1.8) £ wan (/)=: |J f| IJS^apW)], 

ceC(/) wan n(j(/)uPS(/)) N gn j>N 

which is of finite Hyllengren measure for increasing ($) C N, so of capacity 
(Lemma 

The estimates of 8f(k,a) from below and above in (|1.7p are respectively 
essential in estimating the size of ^Fekete (/) from above and below. 

Theorem 2. Let f be a rational function on F 1 = P 1 (iT) of degree d > 1, 
and suppose that K has characteristic 0. Then 

(1.9) £Fekete(/) \ E(f) C £ wan (/) \ #(/)• 

Moreover, if c E C(/) wan is pre-recurrent (then this c belongs to J r (/)UPS(/) 
from Fact ll.2p . -EfceketeC/) Hw(c) is Gs-dense in w(c) under [•, •]. 

Let us come back to estimating (jl.ip . The following is a version of Favre 
and Rivera-Letelier [13} Theoreme 7]. 

Proposition 1. Let f be a rational function on P 1 = P^-fT) of degree d > 1. 
T/ien /or every a G H , every C l -test function <f> on P 1 and every k G N, 

(1.10) || pi 0d - M/) < (M 1/2 y/\£f(k,a)\. 



YUSUKE OKUYAMA 



Moreover, there is Cfrl > such that for every a £ P 1 , every C 1 -test 
function 4> on P 1 and every k £ N, 



(1.11) 



, , (/ fc )*(g 



< C FRL max{Lip(0),( ( /), ( />) 1 / 2 },/| < S / (fc,a)| + kd~ 2k D ajk . 



Here Lip(</>) is i/ie Lipschitz constant of the restriction of cp to P 1 under [-, ■], 
and (4>, (j)) 1 / 2 is the Dirichlet norm oftft. 

Remark 1.3. For the C 1 -regularity of test functions on P 1 in non-archimedean 
K case, see Section [2j The dependence of Cfrl on / will be seen concretely 
in Section 21 If K is archimedean (= C), then each C 1 -test function cf> 
satisfies ((f), (f)) 1 ^ 2 < Lip(</>), and any Lipschitz continuous test function on 
P 1 under [•, •] is approximated by C 1 -test functions on P 1 in the Lipschitz 
norm. Hence the estimate (jl.lip extends to every Lipschitz continuous test 
function </> on P 1 under [-, •] (and every a £ P 1 and every k £ N) as 

f <M ( (/fc ]* (a) - Hf \ < C FRL Upi^^lSfi^a^ + kd-^Da^. 

As a consequence, (|1.12p and (|1 . 13[) below also extend similarly. 

The first principal estimate of (jl.ip is 

Theorem 3. Let f be a rational function on P 1 = P^-fT) of degree d > 1. 
Then for every a G H 1 , every C 1 -test function (j) on P 1 and every k G N, 



P 1 



^ d ( ~ ^ t*f 



< 



) 1 / 2 ^ f (a,a)d- k , 



and a i— )■ <3?/(a, a) is locally bounded on H 1 under p. If in addition K has 
characteristic 0, then for every a £ P , every C 1 -test function (f> on P 1 and 
every k £ N, 



(1.12) 



P 1 



(/*)*(«) 
d k 



< Cfrl max{Lip(</>), 



»V2 



(2d — 2) I max max 

\ie{l,...,fc}ceC(/)\/-J( 



-37 log r ,, 7 \ r ) + C/ + C />a + 1 



max 



.Here £ae constants Cf and Cf <a appear in Theorem [TJ and i/ie sum over 
C(/) \ f~ J (a) takes into account the multiplicity (deg c f — 1) of each c. 

Recall the definition (|1.8p of E wabn (f), which is of capacity 0. The second 
principal estimate of (jl.ip is 

Theorem 4. Let f be a rational function on P 1 = P 1 (il") of degree d > 1, 
and suppose that K has characteristic 0. T/ien /or every a £ P 1 \ E wan (f), 
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there is C > such that every C l -test function <f> on P 1 and every k G N, 
(/*=)*(«) 



(1.13) 



P 1 



d k 



< Cmax{Lip(0),(0,0) 1/2 } 



max 



S d kj^^' K d 2k ? 



Furthermore, for every ao G P 1 \PC(/) and every tq G (0, [do, PC(/)]), i/iere 
zs C > smc/j i/iai for every C 1 -test function (ft on P 1 and every k G N, 

*(/*)*(«) 



sup 

aGB[a ,ro] 



A*/ 



< C"max{Lip(^)),(0,0) 1/2 }yfca r: 



Remark 1.4. Suppose that has characteristic 0. For every a G P 1 and 
every fc G N, 



(1.14) 



max 



< kd k n a ,k, 



which is asymptotically optimal as k — > oo if a G P 1 \ SAT(f). By (|1.5|) ; 
we also have sup fceN ^ < d 2d - 2 if a G P 1 \ SAT(f). If a G SAT(/) \ £(/), 
we have a better order estimate 0(d~ k n a ^k) of the left hand side as fc — >• oo. 
Note that (SAT(f) \ E(f)) n £ W an(/) =0, and from #SAT(f) < oo, that 
E wa n(f) U SAT(f) is still of capacity 0. 

Let us recover the arithmetic quantitative equidistribution theorem in a 
purely local manner: here, let k be a number field or a function field with a 
place v, and the algebraic closure of k. Under the arithmetic setting, that 
is, 

• setting K = C v and 

• assuming that / has its coefficients in k, 

the dynamical Diophantine approximation due to Silverman [29, Theorem 
E] and Szpiro and Tucker [32} Proposition 4.3] asserts that for every a G 
F 1 (k) \ E(f) and every wandering z G P 1 (fc), 



(1.15) 



lim ^log[f n (z),a] v = 0. 

n— yoo a, 



(the dependence of [-,-], E wan (f) and (if on v is emphasized by the suffix v). 
Since (E(f) C SAT(f) c)C(f) C P 1 ^), a consequence of (fl~15]) is 

(1.16) E wail (f) v nF\k) CE(f), 

and Theorem H] recovers Favre and Rivera-Letelier's arithmetic quantitative 
equidistribution theorem [13, Corollaire 1.6]: under the above arithmetic 
setting, for every a G P-^fc) \ E(f), there is C > such that every C l -test 
function 4> on P 1 (C„) and every n G N, 

(1.17) 

'(/")*(«) 



< C max{Lip(0), 



.1/21 
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(Lip(c/>) and (<fi, (j)) 1 ^ 2 also depend on v). 
Remark 1.5. Theorem [2] with ()1.16|) also implies 

E Fekete (f) v nF 1 (k)=E(f) 

(E'FcketeC/) also depends on v). This is a substance of the adelic equidistribu- 
tion theorem due to Baker and Rumely [2J Theorems 2.3 and 4.9], Chambert- 
Loir [TJ Theoreme 3.1] and Favre and Rivera-Letelier [131 Theoremes 3 et 
7]- 

It seems interesting to determine when Ep ekete (f) = E(f) holds. By 
Theorem [21 this is the case under the condition 

(1-18) C(/)wann(^(/)nPS(/)) = 0. 

Let us study this problem further under the assumption that K is archimedean. 
For complex dynamics, see |24j . 

Definition 1.4. We say / to be semihyperbolic at a £ P 1 if there is r > 
such that sup fcgN maxy-k deg(f k : V~ k — > B[a,r]) < oo, where V~ k ranges 
over all components of f~ k (B[a, r]). The unhyperbolic locus UH(f) is the 
set of all points at which / is not semihyperbolic (as in Theorem II .ip . 

From Mane [251 Theorem II, Corollary], UH(f) n J(f) agrees with 

(^J w(c) U {parabolic periodic points of /}, 

ceC(f)nJ(f), recurrent / 

and each of Cremer periodic points of / and components of the boundaries 
of Siegel disks and Herman rings of / is contained in w(c) for some recurrent 
c G C(/) wan n J{f) (a generalization of a theorem of Fatou). Hence by the 
final assertion of Theorem [2j 

Corollary 1. Let f be a rational function on P 1 (C) of degree > 1. If either 
there is a Cremer periodic point or PS(/) ^ 0, then E(f) C £ , pekete(/)- 
Indeed, ^Fekete(/) H J(f) is uncountable. 

Definition 1.5. We say / to be geometrically finite if C(/) wan Pi J(f) = 0, 
or to be semihyperbolic if UH(f) n J{f) = 0. 

From Mane's theorem, if / is either geometrically finite or semihyperbolic, 
then / has no Cremer periodic points and PS(/) = 0. Hence the condition 
(|1.18p is formally improved as 

Corollary 2. If f is geometrically finite, then i?Fekete(/) = E(f). 

Remark 1.6. It is possible to construct a semihyperbolic real bimodal cubic 
polynomial / with one (non-recurrent and) pre-recurrent critical point in 
</(/), so that -E , Fekete(/) H J {f) / 0, using the kneading theory for bimodal 
maps having one strictly preperiodic critical point developed by Mihalache 
|23j . Alternatively, the 1-parameter family of polynomials in [26, §6.1] also 
produces a semihyperbolic (complex) polynomial with the same property. 

In Section [21 we gather background material on dynamics and potential 
theory on P 1 . In Section [3] we show Theorems [H [21 [3] and HI In Section [5] 
we give a proof of Proposition [TJ 
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2. Background 

For the foundation including the construction of Laplacian A on P 1 , see 

12], C3], Q33. 

We denote the origin of K 2 by 0. Both the maximum norm on K 2 for 
non-archimedean K and the Euclidean norm on K 2 for archimedean K 
are denoted by the same | • |. Let vr : K 2 \ {0} -> P 1 = P^iT) be the 
canonical projection. Put (^o,^l) A {wq,W\) := zo^i — zi^o on K 2 x -?^ 2 - 
The normalized chordal distance [z, w] on P 1 is 

[z,w] := \p/\q\/{\p\ ■ \q\) 

if p G 7r _1 (z) and g G tt (w). For non-archimedean IT, the canonical (or 
Gauss) point 5 can of P 1 is the unit ball {z £ K;\z\ < 1} in K. 

Suppose that K is non-archimedean. The strong triangle inequality im- 
plies that any point of a ball S in K can be its center, and its radius and the 
diameter diam 5 are identical. For balls S,S' in K, S A S' is the smallest 
ball in K containing S U S' . The Hsia kernel 5oo(v) on P 1 \ {°°} is an 
extension of \z — w\ for z, w £ K so that 

(2.1) 5^(5, 5') = diam(5 A S 1 ) 

for balls 5,5' in K. 

The 625 model metric p on H 1 is an extension of the modulus 

p(S,S') := log(diam5'/ diam S) 

for balls S C S' in K as a path-length metric on H 1 . Let d/? be the 1- 
dimensional Hausdorff measure on H 1 under p. A function <j) on P 1 is said 
to be C 1 if it is locally constant on P 1 except for a finite sub-tree in H 1 and 
if (p 1 = d(p/dp exists and is continuous there. The Dirichlet norm of <p is 
defined by ((f), 0) 1//2 , where (4>,(f)) is the integration of (<p') 2 in dp over H 1 

(iia §5.5]). 

Fact 2.1. Since PGL(2, K) is the linear fractional isometry group on H 1 
under p ([13, §3.4]), the Dirichlet norm (<ft, cj)) 1 ^ 2 of <f> is PGL(2, i^)-invariant 
in that for every h £ PGL(2,K), (h*<j>, h*<j>) = (0,0). 

Put \S\ := 5oo(5,0) — sup zei 5 \ z\ for each ball S in K. The small model 
metric d on P 1 is an extension of [•, •] as a path-length metric on P 1 so that 

. A diam(5A5') 1 / diam S diam S' 

d ( 5 ' S ) = „„..n icn-..n ic/n ~ o „„..n ion a + 



max{l,|5|}max{l,|5'|} 2 ^max{l, |5|} 2 max{l, |5'|} 2 , 

for balls S,S' in .fT. For the potential theory on P , another extension of 
[•, •] is essential. The generalized Hsia kernel £ can (-, •) on P 1 with respect to 
5 can is an extension of [•, •] so that 

, diam(5 AS') 

canl ' ) ~ max{l,|5|}max{l,|5'|} 

for balls S,S' in K. Then {a G P 1 ; <5 can (a, a) = 0} = P 1 . 

For archimedean K = C, we put 5oo(-z, w) '■= \z—w\ (z, w G K), and define 
5 C cui(t) by [•,•] as convention. We define C 1 -regularity and the Lipschitz 
continuity under [•, •] of functions on P 1 as usual. 
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Fact 2.2. For archimedean K, PSU(2, K) is the linear fractional isometry 
group on P 1 under [•,•]. For non-archimedean K, so is PGL(2,Ok), where 
Ok = Ok,v is the ring of integers of K (cf. |U §1]). The chordal kernel 
log <5can(") ■) is interpreted as a Gromov product on P 1 by the equality 

(2.2) log5 caQ (S,S') = -p(S",S can ) 

for balls S,S' £ P 1 , where S" is the unique point in P 1 such that it lies 
between S and 5', between S' and 5 can , and between S and 5 can . 

Let / be a rational function of degree d > 1 on P . A lift F of / is a 
homogeneous polynomial map i* 1 : i^ 2 — > K 2 such that it o F = f o it and 
that F _1 (0) = {0}, i.e., non-degenerate, and is unique upto multiplication 
in K* = K\{0}. The action of / on P 1 canonically extends to a continuous, 
open, surjective and fiber-discrete endomorphism on P 1 , and to each a E P 1 , 
the local degree deg a / of / at a also canonically extends. The pullback /* 
and push- forward /* on the space of continuous functions on P 1 and that of 
Radon measures on P 1 are defined as usual. The dynamical Green function 
of F is the uniform limit 

3=0 

on P 1 , where Tp := (log \ F\)/d — log | • | descends to P 1 and extends contin- 
uously to P 1 . For other lifts of /, which are written as cF for some c £ K*, 
the homogeneity of F implies 

(2.3) g cF = g F + j— log \c\ . 
Fact 2.3. The uniform limit 

(2.4) G F := (rf 1 ) o 7T + log |.| = lim JL l og \F k \ 

fc^oo d K 

on K 2 \ {0} is called the escaping rate function of F, and satisfies that 
G F o F = d ■ G F . 

The Laplacian A on P 1 is normalized so that for every w £ P 1 \ {oo}, 

Alog5oo(-,w) = (w) - (oo). 

For non-archimedean K, see O §5], [121 §7-7], [331 §3]: in [3] the opposite 
sign convention on A is adopted. 



The equilibrium measure of / is 

J Agp + (5 can ) (K is non-archimedean), 
I Agp + uj (K is archimedean), 



where for archimedean K, to is the normalized Fubini-Study area element 
on P 1 . Then [if is a probability Radon measure on P 1 and independent of 
choices of F. Moreover, fj,f has no atom in P 1 and is balanced and invariant 
under / in that 
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Fact 2.4. The extended endomorphism / on (P^d) is M-Lipschitz con- 
tinuous for some M > d, and the function Tp is Lipschitz continuous on 
(P^d) (for non-archimedean K, see |20[ Theorems 10, 13]). Put k := 
(log d)/ (log M) G (0, 1). Then there is C > such that for every a G (0,k), 
every z G P 1 and every w G P 1 , 



that is, gp is a-H61der continuous on P under d. With more effort, it is 
possible to shows that gp is indeed K-Holder continuous on P 1 under d (cf. 
[131 §6.6]). The uniform limit g^ := Y^Lq{P)*Tf,oo/ ^ on P 1 , where | • | max 
is the maximum norm on K 2 and Tp jOC := (log |F| max )/<i— log |-| max descends 
to P 1 and extends continuously to P 1 , agrees with gp for non-archimedean 
K. For archimedean K, g^ is also K-Holder continuous on P 1 under [•, •] and 
satisfies that Ag^ = fij — Ai, where Ai is the normalized Lebesgue measure 
on the unit circle in K = C. 

We refer [5] for an abstract potential theory on a locally compact topo- 
logical space equipped with an upper semicontinuous kernel. For non- 
archimedean K, see [3], and for archimedean K, see [28], [34] . 

Fact 2.5. The chordal capacity of a Borel set E in P 1 is defined by 



where the supremum is taken over all probability Radon measures /ion P 
with supp/i C E. HE is compact, then the sup can be replaced by max, 
and if in addition Cap can (£') > 0, then the max is taken at the unique /i, 
and the chordal potential 



for this fj, is bounded from below by log Cap can (.E) on P 1 . 

Definition 2.1. A Borel set E in P 1 is of capacity if Cap can (£') = 0. 

For example, a subset in P 1 of finite Hyllengren measure for an increasing 
sequence in N is of logarithmic measure under d , so of capacity (cf . [61\ 
§2]). In particular, 

Lemma 2.1. Suppose that K has characteristic 0. Then E wan (f) in (|1.8|) 
is of capacity 0. 

Proof. We include a direct proof. Suppose Cap can (£' wan (/)) > 0. Then 
there is a probability Radon measure /x with supp// C E wa _ n (f) such that 
the chordal potential C/ caniM is bounded (from below) on P 1 (Fact l23j) . Put 
C := -inf 2gP i U C!m ^{z)(> 0). For every z G E wan (f) and every r G (0, 1), 
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that is, n(B[z,r]) < C(log(r _1 )) _1 . Hence for every N G N, 

M^wan(/)) < E E KB[f j (c),C eM-d J )]) 

ceC(f)n(j(f)uPS(f))j>N 

< (2d - 2) £ C(tf -log Co)" 1 , 

so fi(E wan (f)) = (as iV — )• oo). This contradicts that /u(£' wan (/)) = 1. □ 
Let us introduce the dynamically weighted F-kernel 

$f(z, w) := log <5 C an(^, w) - g F (z) - gF{w) 
on P 1 , which satisfies that for every u> G P 1 , 

(2.5) A<& F (-,w) = (w) - M/, 
and the comparison 

(2.6) sup — log <5 can | < 2 sup \g F \ < oo. 
P i xP i P i 

The F-kernel & F is upper semicontinuous, and for each Radon measure \i 
on P , introduces the -F-potential U F ^ on P 1 and the .F-energy I F (n) as 



U F ,Jz) := / $ F (z,w)dn(w), 
Jp 1 

I F (n) : = / Up^d/J, = / ® F d{/j, x /i) 
JP 1 JP 1 xP 1 

(if exists). From (|2.5p and the Fubini theorem, 

(2.7) AC7>, M = (i- fi(P 1 )- n f . 

A probability Radon measure /i is called an F-equilibrium measure on P 1 
if fx maximizes the F-energy among probability Radon measures on P 1 in 
that 

If in) = Vf '■= swp{I F (u) : v is a probability Radon measure on P 1 }, 

and Vf is called the F-equilibrium energy of P 1 . The comparison (|2.6|) im- 
plies that Vf > — oo, from which there is the unique F-equilibrium measure 
on P 1 and for every probability Radon measure \x on P 1 , 

(2.8) inf UfA z ) <V F < sup U F ^(z). 

For non-archimedean K, see also the continuity of U Fjfl (0 Lemma 5.24], 
[131 §2.4]) and the property of A ([3, Proposition 8.66], [IS §2.4]). A char- 
acterization of [if as the unique solution of a Gauss variational problem 
is 

Lemma 2.2. The equilibrium measure fj,f of f is the unique F -equilibrium 
measure on P 1 , that is, 

/ $ F d{n f xfif) = V F ; 

JP 1 xP 1 

indeed, U f i(U . = V F . 
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Proof. From $Tj}, AU F ^ f = 0, so U F ^ f is constant on P 1 . From ([2~g|l . 
indeed U F ,n f = Vp, and I F (fif) = Vp. □ 

Let us introduce the more canonical /-kernel 

(2.9) := $p(z,u;) - V F 

on P 1 , which is independent of choices of F from (|2.3p . For each Radon 
measure /x on P 1 , its /-potential is 

U^:= [ <Z> f (;w)dfi(w) = U F ^-v(P 1 )V F 
Jp 1 

on P 1 . We note that 

AU„ = AU F:ll = fi-/j(P 1 )-fi f , 
U, f = U F>fif -V f = 
and that the dynamical Green function of / 

(2.10) g f {z) := g F {z) + -V F = -(log <5 can (z, z) - $ f (z, z)) 

on P 1 is independent of choices of F. 

Recall the definition of G F in (|2.4p . The bifurcation potential of / is the 
constant 

2d-2 

(2.11) B{f):= Y^{G F {Cf) + V F ), 

j=l 

where (Cf) CK 2 \ {0} is chosen as det DF = ifjt^iP A c f) ( the Jacobian 
determinant of F), and is independent of choices of both F and {Cj). 

For the homogeneous resultant Res P of homogeneous polynomial endo- 
morphism P on K 2 , see [5J §6], [3Q|, §2.4]. We only mention that P is 
non-degenerate if and only if ResP = 0. For each lift F of /, the energy 
formula 

was established in [HJ Theorem 1.5] for archimedean K, and in [3l §10.2] 
generalized to non- archimedean K (for a simple computation, see |25} Ap- 
pendix] ) . 

Lemma 2.3. For each linear fractional isometry h on P 1 under [■,■], put 
fh := h^ 1 o / o h. Then fj,j h = h*fj,j. For each a G P 1 , let us identify 
h*(a) with h- 1 {a). Then fl[h*{a)) = h*(f*(a)), r} h , {a)yk (f h ) = r/ , fc (/) and 
D h * (a)>k (f h ) = D ajk (f). For every (z,w) G P 1 x P 1 , 

$ fh (z,w) = <f> f (h(z),h(w)). 

For every a G P 1 and every k G N, 

£ fh (k,h*{a)) =£ f (k,a). 

For each C 1 -test function (ft on P 1 , so is h*<p, and it holds that Lip(h*<p) = 
Lip(</>) and that {h* 4>,h* 4>) = {4>,<p). 
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Proof. This is clear except for the displayed two equalities. Let F be a lift 
of /, and H a lift of h on K 2 normalized as |detil| = 1. Then Fjj := 
H^ 1 o F o H is a lift of fh- Under the normalization, H also preserves | • | 
on K 2 , so gp H = g F o h on P 1 . Hence for every (z, w) G P 1 x P 1 , 

<S> Fh (z,w) = log[z,w] - g FlI {z) -g FlI (w) 

= log[h(z),h(w)} - g F {h(z)) - g F (h(w)) = $ F (h(z),h(w)). 

From the formula on Res in [8j Proposition 6.1] and |30|, Exercises 2.12], 

Res{F H ) = ResiH- 1 o F o H) = (det if" 1 )^ Res(F o H) 1 * 

= (det#)- d ((ResF) 1 (det#) a!2 ) = (det H) d Res F, 

and since | det H\ = 1, | Res(.Ff/)| = | ResF|, so Vp H = V F . Hence for every 
(z,w) G P 1 x P 1 , $>f h (z,w) = $f(h(z),h(w)). Finally, for every a G P 1 and 
every k G N, 

S fh (k,h*(a)) 

<S> fh (z lW )d((f k h )*(h*(a)) x (f k h y{h*(a)))(z,w) 



1 

1 



pixP^diag 

d> / (/i(z),/ i H)d(/ l *(/ fc r(a) x fc*(/ fc )»)(*,«0 =S f (k,a). 

pixP^diag 



Now the proof is complete. □ 

Recall the definition (jl.3p of dynamical Favre and Rivera-Letelier bilin- 
ear form (fj,,[i')f for Radon measures /U,// on P 1 . A classical notion of 
asymptotic Fekete configuration on a compact subset C in P 1 (see [15j . |16j ) 
extends to sequences of positive measures whose supports consist of finitely 
many points in C. Here, we are only interested in the case of C = P 1 : 

Definition 2.2. A sequence {v k ) of positive measures whose supports con- 
sist of finitely many points on P 1 is /-asymptotically Fekete (or an /- 
asymptotic Fekete configuration) on P 1 if as k — > oo, ffc(P ) / oo, {u k x 
f fc )(diag P i) = o(^ fc (P 1 ) 2 ) and 

^(P 1 ) 2 

Remark 2.1. For every a G P 1 and every k G N, ((/ fe )*(a))(P 1 ) = <i fc . If 
a G H 1 , then f~ k {a) C H 1 , so D a>k = 0. If a G P 1 , then D a , k < d k r]^ k = 
o{d 2k ) by (US]). Hence for each a G P 1 \ £(/), it holds that ((/ fc )*(a)) is 
/-asymptotically Fekete on P 1 if and only if 



£/(M = ^ / */d((/T(«) X (/*)») 

'pixPiVdiagpi 



as /c — )• oo. For every a G E(f ), ((f k )*(a)) is not /-asymptotically Fekete on 
P 1 since for each A; G N, -D ai fc = (((/ fc )*(a))(P 1 )) 2 , so the second condition 
does not hold. 
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3. Proof of Theorems CO [2] [3] and H 

Let / be a rational function on P 1 = W l (K) of degree d > 1. 

Lemma 3.1 (cf. [3, Theorem 10.18], |3H Lemma 1.2]). For every a G P 1 
and every z G P 1 , 

(3.1) <S> f (f(z),a) = U r(a) (z). 

Proof. For every a G P 1 , from = d • fif and (/*(a))(P 1 ) = d, 

A^C/O, a) = r(A*/(., a)) = /* ((a) - M/ ) = /* (a) - d ■ = AU f * (a) 

on P 1 . Hence <£/(/(•), a) — Uf*r a \ is harmonic, so constant, on P 1 . Let us 
integrate this constant function in dyU/(-) over P 1 . Then from f*fif = /i/ 
and XJfxj = 0, 

*/(/(•), o) / ($ F (/(-),a)-C/ / * (a) )d// / = 



on P 1 , which is (|3TT]1 . □ 

The estimate (jl.6p in Theorem [1] follows from 

Lemma 3.2. For every a G H 1 and every k G N ; £f(k,a) = &f(a,a)/d k . 
Moreover, sup agP i |3>/(a,a) + /o(a, 5 can )| < oo. 

Proof. We assume k = 1 without loss of generality. Since / _1 (a) C H , 
integrating fl37[]) in d(/*(a))(z)/d 2 on P 1 , 

~<&/(a,a) = 1 J * f d(f*{a) x f (a)) 

= 4 / * / d(/*(a)x/*(a))=f / (l J a). 

By p^]>. p(a,S can ) = - log <5 can (a, a), so sup aeP i |$/(a, a) +p(a,5 can )| = 
sup agP i | - 2 5/ (a)| < oo. □ 

From now on, let us assume that K has characteristic 0. 

Definition 3.1. For every z G P 1 , put 

(3.2) c z (f) := lim {<&/(/(«), /(*)) - (deg, /)<&/(«, z)} . 

Lemma 3.3. For every a G P 1 and every z G f~ l {a), 



(3.3) c*(/)= / ^(^^dCrCa))^). 

Jpi\{ z } 

Proof. For every a G P 1 and every z G / _1 (a), from Lemma 13.11 for every 
« G P 1 \{z}, 

*/(/(«), /(*)) - (deg, /)$/(«, z) = */(/(«), a) - (deg, z) 

= ^ (o) (n)-(deg 2 /)$/(«, *) = / $/(n,u;)d(r(a))H, 

ypi\{z} 

and take lim P i 9u _ i , z of both sides. □ 
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Lemma 3.4. For every a G P 1 and every k G N, 

(3.4) £ f (k,a) = ^ J pi c z {f k )d((f k y(a)){z). 

Proof. With no loss of generality, we assume that k = 1. Integrating (|3.3p 

ind(/*(a))(*)/d 2 , 

c z (f) diri ^ ){z) =1 / d(f*(a))(z) [ <t> f (z,w)d(f*(a))(w) 
= 4 / * / d(r(o)xr(a))=f / (l,a). 

□ 

Put /° := Idpi. Recall that deg 2 / is multiplicative in that for every 
z G P 1 and every m, n G N U {0}, 

deg,(r + ")=de g/ „ w (r)deg,(r). 
Lemma 3.5. For every k G N and every zGP 1 , 

(3-5) c,(/ fc ) =^deg pw (/ fc -^c /J - 1( , ) (/). 

i=i 

Proof. This is clear if A; = 1. Suppose that k > 2. For every z G P 1 and 
every j G N, 



lim {[$ / (/(^- 1 (n)),/(^- 1 (z)))-deg p - 1{ , ) (/)cI> / (/^ 1 (n),^- 1 (^))] 



i 

+ deg /J - 1(2) (/)[<I> / (/^ 1 (n),/-''- 1 (z))-deg,(/^ 1 )<I> / (n,z)]} 

= cp-i (z) (f) + deg /J -i (z) (/)c^(/ J ~ 1 ), 

so c z (P)/deg z {P) -c z (p- l )/deg z {p- 1 ) = c fS -i {z) (f)/ deg z (f). Taking 
the sum of this over j = 2, . . . , k, 

Cz(f k ) _ y^ C/i-l(z)(/) 

deg 2 (/ fc ) ^ deg 2 (P) ' 
which is equivalent to (|3.5p . □ 
Lemma 3.6. For every z G P 1 \ C(f), 

(3.6) c*(/) = -log|d|+fl(/) + ^ <M Z ' C )- 

cec(/) 

i7ere i/ie sum iaftes into account the multiplicity (deg c /— 1) of each c G C(f). 
Proof. The chordal derivative of / is defined by 

f#{z):= hm [/(«),/(*)]/[«,*] 

on P 1 . For every z G P 1 \ C(/), i.e., deg z / = 1, 

c z {f)= hm {<D / (/(n),/(z))-<I> / (n,z)}=log/#(z)-2< 7/ (/(z))+2 5/ (z). 
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Let Fbea lift F of /. For every z G P 1 , by a direct computation involving 
Euler's identity, 

/#(2) = RPW |detDF(f,)l 

if p G tt-^z) (cf. HS1 Theorem 4.3]). Choose (Cf) C K 2 \ {0} such that 
det DF(p) = Iljii 2 (P A C f)- Then n(Cf) (j = 1, . . . , 2d - 2) range over 
C(f). From fl23]) and G F oF = dG F ', for every z G F 1 \C(/) and p G tt" 1 ^), 

2<Z-2 

c,(/) = - log \d\ + ]T (log |p A Cf | - 

3=1 

For every (z, to) € P 1 x P 1 , 

w) = log |p A q\ - G F (p) - G F (q) - V F 

if p G 7r _1 (2;) and g G 7r _1 (tt;). This implies that ^^^^^ 2 (log A Cf\ — 
G F {p)) = ^2ceC(f) ^ > /( z ' c ) + B(f)- Now the proof is complete. □ 

Lemma 3.7. There is C\ > such that for every a € P 1 and every k G N, 
W a )"^E E / pl c degM j )^f^,c)d { -^^-(w) 



3 = 1 cGC(/) ' 



<^f s 



1,3 



3=1 



T/ie sum ewer C(/) takes into account the multiplicity (deg c / — 1) of each 
ceC(f). 

Proof. Substituting (j3.5j) in (|3.4p . for every a G P 1 and every G N, 
=^ ic z {f k )d((f k y(a))(z) 



P 1 



fe 

iE / deg /0/J - 1{ , ) (/^)c p - 1(z) (/)d((/ fc )*(a))(,) 

^ 3=1 ^ 

iE / ^ fe+J - 1 deg /w (/^)c, ;; (/)-d((/^ +1 )*(a))H 
4X) / ^deg /M (^-i) c ^(/)d((^r(a))H 

01 3 = 1 ^ 

1 A y degJP) (ma) 

d J^i JP 1 de s™ f * 
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Hence using Lemma 13. 6 



S f (k, 



1 k 

^E E 



j= l ceC (f) Jpl \i c } 
1 



(P)*(a) 



1 k 



c(f) 



+ 



pi\C(/) 



c6C(/) 



£ / degj/'>^,c)d^^(™) 



< 



1 V r D a , 



where we set C x := max ceC(/) |c c (/)| + (2d - 2) max c - {/)xC . (/) \ diagpl |$/| + 
(|log|d|| + |fl(/)|)<oo. □ 

Lemma 3.8. There is C2 > such that for every a G P 1 and every k G N, 



^ E ( ^ E «) ) - § E ^ - % a 

3=1 \ ceC(/)\/-i(a) / i=l 



< 



< 



1 - 

E E 



d k 



3=1 cec(f) 



Pi\{c} 



degJ/W<".<0d y -^ U (<») 



i=i \cec(/)\/-^(a) / i=i 



c 



.ffere f/ie extra constant C/ ja > is independent of k, and even vanishes if 
a G P 1 \C0(/) wan . TTie sums over C(f) take into account the multiplicity 
(deg c /-l) of eachc£C(f). 

Proof. For each c G C(f), 
(3.7) 

$/(•, c) = I $/(•, c) — max{0, sup $>f(w, c)} J + max{0, sup $f(w, c)}, 

where the first and second terms of the right hand side are < and > 0, 
respectively. Set 

C := (2d - 2) max max < 0, sup $f(w, c) > < 2(2d - 2) sup \gf \ < 00. 
ceC(f) { w£ pi J P i 
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Then for every a G P 1 and every j G N, using the decomposition (|3.7p . 



< E / deg w (/^> / ( U ;,c)d^^H 

< E / ^/K^d^^H + c'^^ 



c6C(/) 



and using Lemma 13.31 for J- 5 , 



^ ( E c/ (p)*w/*( c )+ E ^ Cc(/J) 

^ceC(/)\/-J(a) c6C(/)n/-J(a) / 

(/ J )*(a 



"■J 



< E / deg w (n<f> f (w,c)d { - 



dJ 



(p 

ceC(/)\/-J(a) C eC , (/)n/-^(a) 



If c € (C(/) \ C(/) wan ) n /" J (a), then using Lemma [33 



£=1 ^=1 



where we set C" := max ceC(/) \ c(/)wan sup^ Nu{0} |c /f(c) (/)| < oo. This is 
finite since any c G C(/) \ C(/) wan is preperiodic under /. Under the 
convention that sup = 0, put 



k a ■= sup{j G N; C(/) wan n f- j (a) ± 0} < oo. 



This is finite since any c G C(/) wan is wandering, and vanishes if and only 
if a G P 1 \ CO(/) wan . Under the convention that Y\ = 0^ P u ^ 



CfM ■= E l^)!. 

cec(f) nf-i(a) 
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which vanishes for any j > k a . From these estimates, 

(3.8) rjaj I £ U W(*)/d* ( c ) " 2C " ~ C f,aU) I " C'rjaj 

\c6C(/)\/-i(a) / 

< E / deg w (/^)$ / ( U ;,c)d^^H 

(< ( E u (f>n°)/d> ( c ) + 2C " + c fM I + c^^) 

\c6C(/)\/^(a) / 

< I E U (PHa)/di ( c ) I + i 2C " + C fM) + C ^-i" 
\ceC(/)\/-i(o) / 

By LemmaEU U {pr(a)/dJ (c) = $ f {f j (c),a)/d j . Set C 2 := C+2C". Under 
the convention that X^j=i = 0' P u ^ 

i=l 

which vanishes if a G P 1 \ CO(/) wan . For every a G P 1 and every fc G N, 
SjLi Cf,a{j) r ]a,j < C/,a- Take the sum of (|3.8p over j = 1, . . . , k and divide 
this by d fc . Now the proof is complete. □ 

Set Cj := Ci + C2 + (2d — 2) sup P i \2g/\. Then Lemmas 13.71 and 1 3.81 (with 
(|2.10p and D a j < d^rjaj) completes the proof of (|1.7p in Theorem [TJ 

Remark 3.1. We can set 
Of = \B(f)\ + max |c c (/)| + 2 max sup \c f e (c) (f)\ 

ceC(/) CSC*(/)\C(/)wan £gNU{0} 

-(2d -2) max log[c, c'} + | log |d|| + (8d - 8) sup \g f \. 

(c,c')eC(/)xC(/)\diag p i pi 
Proof of Theorem [21 First of all, we show 

(3.9) E wan (f) = E w Uf)' ■■= IJ fl U W(c),exp(-V)], 

eeC(/) W an NeNj>N 

(3.10) E wan (f)'nF(f)C |J f| (J B[/''(c),exp(-Cod J ')], 

cec(/) wan nps(/) weNi^iv 

(3.11) n.7(/)C |J H |J B[^(c),exp(-V)], 

cGC(/) wa „nj(/) iVeNi>Af 

which are independent of Theorem [TJ Suppose that a G -F(/) \ E(f). Then 
for every c G C(f) fl J(/), inf jeN [^(c), a] > 0. If a G 54 \ £(/), 
then there are 5 > and d a G (l,d) such that for every j G N and every 
c G C(/) wan \ /-J(o), [P'(c),a] > 5exp(-d J a ). If a G AT(f) \ SAT(f), 
then there are C > and A G (0, 1] such that for every j G N and every 
c G C(/) wan \ /~ J (a), [/•'(c), a] > CA- 7 . Hence Fact 11.21 implies the inclusion 
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(ETLOl) . Next, suppose that a G Then for every c G C(/) n ?(f) and 

every j G N, by (JSUJ) and ([2TT0J) . 

-Tj$f(f(c),a) = U { py [a)/(P {c) > min $/(c,u/) > inf */(c,«?) > -oo 



and then log[/ J (c),a]) > —C§d?. Hence the inclusion (|3. 1 1 j) holds. From 
these inclusions, -E W an(/)' C E wlin (f), so the equality (|3,9|) holds. 

Let us show the inclusion (|1.9p . For every a G P 1 and every k G N, by 

(HZD, 

|£/(fc,a)| 
(3.12) 

k 



<[(2d — 2) max max — log r - . - , — t + CV + C7 „ | 7? a , . 

J-6{l,..,fc}c 6 C7(/)\/-.(a)CP S [P(c),a] 7 f*)d*j^ x la * 

For every a G P 1 \ E wan (f)', there is iV = iV(a) G N such that for every 
j > N and every c G C(f) \ f' j (a), log[f j (c),a] > -C d^ . Then 

1 1 

(3.13) sup max —r log r - . . . — - < oo. 

ieNceC(/)V-i(a)* [P(c),a] 

Hence for every a G P 1 \ (B wail (/)U£(/)) = P 1 \ (E wan (/)'U £(/)), this and 
(|3.12p together with (jl.5p imply that lirn^oo £j(&, a) = 0, so a Ep e ^ ete (f). 

Let us show the final assertion. Fix a pre-recurrent c G C(/) wan . Then 
since c is pre-recurrent, for every JVgM, {/ fc (c); & > N} n w(c) is dense in 
w(c) under [-,•]. Hence by the Baire category theorem, 

B ' : = fl U (^[/ fc (c),exp(-d 3fe )]n^(c)) 

is G^-dense in u;(c) under [•,•]. We have already seen that E(f) C i?Fekete(/)- 
For every a £ B c \ E{f), since c is wandering, for every k G N large enough, 
/ fc (c) a. Since log[/ fe (c), a] < — d 2fc for infinitely many k G N, from the 
upper estimate of £/(/c, a) in (jl.7|) together with (|1.5p . £/(&, a) < — d fc + o(l) 
as fc — > oo. Hence a G £^Fekete(/)- D 

Proof of Theorems [3] and [H Theorem [3] follows by substituting (|1.6p and 
(|3.12p in ()1.10p and (jl.lip in Proposition [IJ respectively. 
For every a G P 1 \ £ wan (/) = P 1 \ by 

C := Cfrl J (2d - 2) sup max log 1 + C f + C/, a + 1< oo. 

V jm ceC(f)\f-i(a) d? [P(c),a] 

For every a G P 1 \ PC(/) and every r G (0, [a ,PC(/)]), 

inf [a PC(/)] > 1 PC ^ ~ r ° ^ K is arcmmedean ) 
aeB[a ,r ] ' ' — 1 tq (if if is non-archimedean) ' 



so C := C FRL ^J(2d - 2) sup aeB[a0jro] log(l/[PC(/), a)) + C f + 1< oo. Now 

both inequalities in Theorem 0] follow from (|1.12p in Theorem [3] and Remark 
PI □ 
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4. Proof of Proposition [1] 
Let / be a rational function on P 1 = P X (FT) of degree d > 1. 

Lemma 4.1. For every a G P 1 and every k G N, 

Proof. From the bilinearity and the definition (|1.4p of £f(k,a), 



(f k T(a) (f k T(a) 



/ 



/ 

Since /ij has no atom in P 1 and t/^. = on P 1 , 



and similarly, (/U/, M/)/ = 0. □ 

The (original) Favre and Rivera-Letelier bilinear form (/i,//)^ ([131 §4.4]) 
was defined by using the (extended) planar logarithmic kernel 

log ^(z, w) = log5 can (z,u>) - log(5 can (2;,oo) - logo" ca n(w,oo) 

on P 1 instead of (note that [z,w] = \z — w\[z,co\[w,co\ for z, w G FT). 
For each a G P 1 and each A; G N such that f~ k {a) C P 1 \ {00}, put 

(4.1) m fe (a) := - M/ , - M/) ^ + a). 

Lemma 4.2. For every a G H 1 and every k G N, f~ k (a) C P 1 \ {00} and 
m k{ a ) = 0. Suppose that 

• co is a repelling periodic point of f , or 

• co is a non-repelling periodic point of f and K is non-archimedean, 

and put p := min{j G N;/- ? (oo) = 00}. XTien for every r G (0,1) small 
enough, there is C > suc/i i/iai /or every a G P 1 \ Uj=o /' 7 (-^[ 00 ' r D an£ ^ 
ewery k G N, / _fc (a) C P 1 \ {00} and |m fc (a)| < Ckd~ 2k D a ^ k . 
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Proof. Put := <?y — log <5 can (-, oo) on P. For each a G P 1 and each k G N, 
if f~ k (a) C P 1 \ {00} , then using Lemma I4"7L) 

m k (a) 

Here the third equality follows from 

and the final one holds since /if has no atom in P 1 . 

In particular, if a G H 1 , then f~ k (a) C H 1 C P 1 \ {00} and mk(a) = 0. 

Suppose that 00 is periodic under /. Put p := min{j G N; f J (oo) = 00} 
and A := |(/ p )'(oo)|. For each r G (0, 1), put 

p-i 

U(r) := \J P(B[oo,r]). 
3=0 

In the case that 00 is repelling, i.e., A > 1, for every r G (0, l/\/2) small 
enough, the single-valued analytic inverse branch of f p fixing 00 exists 
on B[oo,r]. Note that | (/~ p )'(oo)| = A" 1 G (0,1). From the Koebe 1/4- 
theorem and its non-archimedean counterpart of (Koebe) 1-theorem (cf. [H 
Proposition 3.5]) applied to this analytic inverse branch of f~ p , for every 
a G P 1 \ U{r) and every k G N, [/" fe (a),oo] > r/(4 v / 2A) fc / p+1 > and 

max 1 (z)\ < sup\g f \ -logr + (k/p + 1) log(4v / 2A). 

zef k (a) pi 

In the case that 00 is non-repelling, i.e., A < 1 and that K is also non- 
archimedean, for every r G (0, 1) small enough, from the strong triangle 
inequality for [•,•], f p (B[oo, r]) C B[oo, r]. Then for every a G P 1 \ U(r) and 
every k G N, [f~ k (a), 00] > r > and max 2e j-fc( a ) | <^>oo (^) I < sup P i |<?/| — 
logr. 

Now the proof is complete. □ 

The following extends [1'6\ Theoreme 7] to general K. 

Theorem 4.1. Let f be a rational function on P 1 = P 1 (ivT) of degree d > 1. 
Then for every a G H 1 , every C 1 -test function <f> on P 1 and every k G N ; 

(4.2) 

f A/ fc )*W \ < , , ,1/2 /f (/ fc )*(<0 (/ fc )*(«) \7 
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Moreover, there is C > such that for every a £ P 1 , every C l -test function 
(j) on P 1 and every k E N, if f~ k (a) C K = F 1 \ {oo} ; i/ien 



(4.3) 



X, 



+ 



(f k y(a) 



d k 



< Lip(^)(T fe + 



.1/2. 



(/*)*(«) (/ fc )*(a) 

" — ^fc ^/ 



+ Ckd- 2k D a , 



Proof. For every a E H 1 and every k E N, & f(f k ( ),a) is continuous on P 1 . 
Hence by the Cauchy-Schwarz inequality ( [131 (32), (33)]), 



P 1 



d k 



P i r d fc 



< 



,1/2 (/*)*(<») 



which is (021). 

For each z £ K and each e > 0, let [z] £ be the (e-)regularization of the 
Dirac measure (z) on P 1 (for the definition, see [13|. §2.6, §4.6]). For each 
a E P 1 with f~ k (a) C iT, put 



(f k y(a) 



£ (deg z (/ fe )) • [4 

Z G/" fe (a) 



Since the /-potential ^[(/*)*(a)] e /d* is a ls° continuous on P 1 ([T3J Lemmes 
2.7, 4.8]), by the Cauchy-Schwarz inequality, 



P 1 



,," [(/*)* (a)]e 
<^ d ( 3 M/ 



P 1 



0A?7 [(/ fc). (a )] e/(i i, 



< 



iV 2 ^ [(/^("^ [(/ fc )*(«)] 

' — 55 M/ ' — # M/ 



Moreover, from the construction of e-regularization of (z), \f pl (j)d((z) — [z] e )\ < 
Lip(</>)e for every z £ K. Hence 



<f)d 



p 1 



(f k T(a) [(f k r(a)} 



d k 



d k 



< Lip(0)e. 



Recall that is ^-Holder continuous on P 1 under d, where the k E (0, 1) 
is determined in Fact 12.41 Let 77(e) be the modulus of continuity of under 
d. In the proof of [TH] Propositions 2.9, 2.10, 4.10, 4.11], it is shown that for 
every z E K and every e > 0, 



(4.4) 



'|(MoA»/)oo - (OO'/f/Oool < e + r/(e) (z E if), 

((z),(z'))°o (z,z') £ K x K\diag ¥ i, 
C abs - log e z = z' £ K, 



< 



(Me, [A 

where C a b s E R is an absolute constant [131 P- 329]. 
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From the bilinearity, 

(f k )*(a)] e [(f k T(a)] e 



d k 
1 

d^ 



([(f k r(a)] e ,[(f k r(a)U 



d k 



,Hf) +(/^/,M/)c 

/ oo 



and in the right hand side, by (|4.4p . 
1 



(the first term) 



d 2k 



E 



deg z (f k )degAf k )([z}e,[z%) c 



{z,z')ef- k (a)xf- 1 (a)\diag r i 
+ d^ k Y, (deg,(/ fc )) 2 ([z] e ,Me)oo 

zef- k (a) 

^((/*)»' (/ fc )»)°o + (Cabs - loge)d- 2fe L> a) ,, 



(the second term) 



2 E 

zef- k (a) 



deg z (f k 



'(He,M/)oo < -2 ^- 



M/ +2(6 + 7/(6)). 



Set e = (d fe )- 1 / K (< cT fe < d~ 2k D a>k ) and C := |C7 abs | + (k^ 1 logd) + 4. From 
the bilinearity again, we have 



[(/ fc )»]e [(/*)*(«)] 



d k 



< 



d k 

(f k Y(a) 
d k 



(f k r(q) 

d k 



M/ ) + Ckd- 2k D a ^ 

/ oo 



Now the proof of (|4.3p is complete. 



□ 



Let us complete the proof of Proposition [TJ For every a G H 1 and every 
HN, (jl.lOp follows from (fOj) and (the former half of) Lemma IPl 

Choose distinct cycles {z u f{z x ), / Pl-1 (*i)}> {z 2 , f(z 2 ), P^ X {z 2 )} 
of /, both of which being repelling if K is archimedean, and where pi := 
min{/c G N; f k (z{) = z{\ for i = 1, 2, If ri > and r2 > are small enough, 
then E7i := (J?^ 1 n]) for i G {1, 2} satisfy (P 1 \ Z7 X ) U (P 1 \ U 2 ) = P 1 . 

Fix i G {1,2}. Let hi be a linear fractional isometry on P 1 under [•, •] such 
that hiipd) = Zi, put := o / o hi and identify h*(a) with h^ l {a). 
Then fa*(a) G P 1 \ U^Lq 1 r «])- Decreasing r« > if necessary, from 



(|4.3|) . (the latter half of) Lemma 14.21 and Lemma 12.31 for every a G P 1 \ Ui 
every C 1 -test function <j> on P 1 and every k G N, 



P 1 



(rr(q) 

d k 



P 1 



d k 



< 



Up(h*0)d- k + <fc*0, h*(j)) 1 / 2 ^\£j h _(k, h*(a))\ + Qk^D^^) 
Lip(</>)d- fc + (0, ^y/lSfi^a^+Cikd-^DaM. 
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Here the constant C{ > is independent of a £ (P 1 \ Ui),4> and k. 

Set Cfrl := 2(max{Ci, C2} + 1). Then these estimates for i £ {1,2} 
conclude (flTTTj) . □ 
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